
1. 

𝑦′′ + 8𝑦′ + 25𝑦 = 10𝑥 + 𝑒−4𝑥 sin 3𝑥 

The complementary solution 𝒚𝒄(𝒙): 

Solving the homogenous ODE: 

𝑦′′ + 8𝑦′ + 25𝑦 = 0 

Writing the characteristic equation: 

𝑟2 + 8𝑟 + 25 = 0 

𝑟 =
−8 ± √82 − 4(1)(25)

2(1)
 

𝑟 = −4 ± 3𝑖 

Then the complementary solution is: 

𝑦𝑐(𝑥) = 𝑐1𝑒−4𝑥 cos 3𝑥 + 𝑐2𝑒−4𝑥 sin 3𝑥 

The particular solution 𝒚𝒑(𝒙): 

Using the method of undetermined coefficients: 

Guesses for the form of the solution: 

For 10𝑥: 𝐴𝑥 + 𝐵 

For 𝑒−4𝑥 : 𝐶𝑥𝑒−4𝑥 

(multiplied by 𝑥 since 𝑒−4𝑥 is already present in the complementary solution) 

For sin 3𝑥: 𝐷 sin 3𝑥 + 𝐸 cos 3𝑥 

Putting these together: 

𝑦𝑝(𝑥) = 𝐴𝑥 + 𝐵 + 𝐶𝑥𝑒−4𝑥(𝐷 sin 3𝑥 + 𝐸 cos 3𝑥) 

𝑦𝑝(𝑥) = 𝐴𝑥 + 𝐵 + 𝑥𝑒−4𝑥(𝐶𝐷 sin 3𝑥 + 𝐶𝐸 cos 3𝑥) 

Considering the product of constants constant: 

𝑦𝑝(𝑥) = 𝐴𝑥 + 𝐵 + 𝑥𝑒−4𝑥(𝐶 sin 3𝑥 + 𝐷 cos 3𝑥) 

Differentiating: 

𝑦𝑝
′(𝑥) = 𝐴 + 𝑒−4𝑥(𝐶 sin 3𝑥 + 𝐷 cos 3𝑥) − 4𝑥𝑒−4𝑥(𝐶 sin 3𝑥 + 𝐷 cos 3𝑥)

+ 𝑥𝑒−4𝑥(3𝐶 cos 3𝑥 − 3𝐷 sin 3𝑥) 

𝑦𝑝
′(𝑥) = 𝐴 + 𝑒−4𝑥(𝐶 sin 3𝑥 + 𝐷 cos 3𝑥) − 𝑥𝑒−4𝑥((4𝐶 + 3𝐷) sin 3𝑥 + (4𝐷 − 3𝐶) cos 3𝑥) 

𝑦𝑝
′′(𝑥) = [𝑒−4𝑥(3𝐶 cos 3𝑥 − 3𝐷 sin 3𝑥) − 4𝑒−4𝑥(𝐶 sin 3𝑥 + 𝐷 cos 3𝑥)]

− [𝑒−4𝑥((4𝐶 + 3𝐷) sin 3𝑥 + (4𝐷 − 3𝐶) cos 3𝑥)

− 4𝑥𝑒−4𝑥((4𝐶 + 3𝐷) sin 3𝑥 + (4𝐷 − 3𝐶) cos 3𝑥)

+ 𝑥𝑒−4𝑥((12𝐶 + 9𝐷) cos 3𝑥 − (12𝐷 − 9𝐶) sin 3𝑥)] 



𝑦𝑝
′′(𝑥) = −𝑒−4𝑥((4𝐶 + 3𝐷) sin 3𝑥 + (4𝐷 − 3𝐶) cos 3𝑥)

− 𝑒−4𝑥((4𝐶 + 3𝐷) sin 3𝑥 + (4𝐷 − 3𝐶) cos 3𝑥)

+ 4𝑥𝑒−4𝑥((4𝐶 + 3𝐷) sin 3𝑥 + (4𝐷 − 3𝐶) cos 3𝑥)

− 𝑥𝑒−4𝑥((12𝐶 + 9𝐷) cos 3𝑥 − (12𝐷 − 9𝐶) sin 3𝑥) 

𝑦𝑝
′′(𝑥) = 𝑥𝑒−4𝑥((7𝐶 + 24𝐷) sin 3𝑥 + (7𝐷 − 24𝐶) cos 3𝑥)

− 𝑒−4𝑥((8𝐶 + 6𝐷) sin 3𝑥 + (8𝐷 − 6𝐶) cos 3𝑥) 

Since 𝑦𝑝(𝑥) is a solution to the given nonhomogeneous ODE, we can plug in 𝑦𝑝(𝑥) and its 

derivatives: 

[𝑥𝑒−4𝑥((7𝐶 + 24𝐷) sin 3𝑥 + (7𝐷 − 24𝐶) cos 3𝑥)

− 𝑒−4𝑥((8𝐶 + 6𝐷) sin 3𝑥 + (8𝐷 − 6𝐶) cos 3𝑥)]

+ 8[𝐴 + 𝑒−4𝑥(𝐶 sin 3𝑥 + 𝐷 cos 3𝑥)

− 𝑥𝑒−4𝑥((4𝐶 + 3𝐷) sin 3𝑥 + (4𝐷 − 3𝐶) cos 3𝑥)]

+ 25[𝐴𝑥 + 𝐵 + 𝑥𝑒−4𝑥(𝐶 sin 3𝑥 + 𝐷 cos 3𝑥)] = 10𝑥 + 𝑒−4𝑥 sin 3𝑥 

25𝐴𝑥 + 25𝐵 + 8𝐴 + 𝑥𝑒−4𝑥(0 ⋅ sin 3𝑥 + 0 ⋅ cos 3𝑥) + 𝑒−4𝑥(−6𝐷 sin 3𝑥 + 6𝐶 cos 3𝑥)

= 10𝑥 + 𝑒−4𝑥 sin 3𝑥 

25𝐴𝑥 + 25𝐵 + 8𝐴 − 6𝐷𝑒−4𝑥 sin 3𝑥 + 6𝐶𝑒−4𝑥 cos 3𝑥 = 10𝑥 + 𝑒−4𝑥 sin 3𝑥 

25𝐴 = 10 → 𝐴 =
2

5
 

8𝐴 + 25𝐵 = 0 → 𝐵 = −
16

125
 

−6𝐷 = 1 → 𝐷 = −
1

6
 

6𝐶 = 0 → 𝐶 = 0 

Plugging in the values of the coefficients in 𝑦𝑝(𝑥): 

𝑦𝑝(𝑥) =
2

5
𝑥 −

1

6
𝑥𝑒−4𝑥 cos 3𝑥 −

16

125
 

The general solution is: 

𝑦(𝑥) = 𝑦𝑐(𝑥) + 𝑦𝑝(𝑥) 

𝒚(𝒙) = 𝒄𝟏𝒆−𝟒𝒙 𝐜𝐨𝐬 𝟑𝒙 + 𝒄𝟐𝒆−𝟒𝒙 𝐬𝐢𝐧 𝟑𝒙 +
𝟐

𝟓
𝒙 −

𝟏

𝟔
𝒙𝒆−𝟒𝒙 𝐜𝐨𝐬 𝟑𝒙 −

𝟏𝟔

𝟏𝟐𝟓
 

Solving the initial value problem: 

Using the conditions 𝑦(0) = 0 and 𝑦′(0) = 0: 

𝑦(0) = 𝑐1𝑒−4(0) cos 3(0) + 𝑐2𝑒−4(0) sin 3(0) +
2

5
(0) −

1

6
(0)𝑒−4(0) cos 3(0) −

16

125
= 0 

𝑐1 −
16

125
= 0 → 𝑐1 =

16

125
 

𝑦′(𝑥) = 𝑐1𝑒−4𝑥(−4 cos 3𝑥 − 3 sin 3𝑥) + 𝑐2𝑒−4𝑥(−4 sin 3𝑥 + 3 cos 3𝑥) +
2

5

+
1

6
𝑒−4𝑥(cos 3𝑥 − 4𝑥 cos 3𝑥 − 3𝑥 sin 3𝑥) 



𝑦′(0) = 𝑐1𝑒−4(0)(−4 cos 3(0) − 3 sin 3(0)) + 𝑐2𝑒−4(0)(−4 sin 3(0) + 3 cos 3(0)) +
2

5

+
1

6
𝑒−4(0)(cos 3(0) − 4(0) cos 3(0) − 3(0) sin 3(0)) = 0 

−4𝑐1 + 3𝑐2 +
2

5
−

1

6
= 0 → 𝑐2 =

209

2250
 

𝒚(𝒙) =
𝟏𝟔

𝟏𝟐𝟓
𝒆−𝟒𝒙 𝐜𝐨𝐬 𝟑𝒙 +

𝟐𝟎𝟗

𝟐𝟐𝟓𝟎
𝒆−𝟒𝒙 𝐬𝐢𝐧 𝟑𝒙 +

𝟐

𝟓
𝒙 −

𝟏

𝟔
𝒙𝒆−𝟒𝒙 𝐜𝐨𝐬 𝟑𝒙 −

𝟏𝟔

𝟏𝟐𝟓
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2. 

(1) 

(𝑥 sin 𝑥 + cos 𝑥)𝑦′′ − (𝑥 cos 𝑥)𝑦′ + (cos 𝑥)𝑦 =  0 

Normalizing the first coefficient: 

𝑦′′ −
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
𝑦′ +

cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
𝑦 =  0 

By Abel’s Theorem: 

𝑊 = 𝑘𝑒− ∫ − 
𝑥 cos 𝑥

𝑥 sin 𝑥+cos 𝑥
 d𝑥 

− ∫ −
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
 d𝑥 

= ∫
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
 d𝑥 

𝑢 = 𝑥 sin 𝑥 + cos 𝑥 

d𝑢

d𝑥
= (sin 𝑥 + 𝑥 cos 𝑥) − sin 𝑥 = 𝑥 cos 𝑥 

d𝑥 =
d𝑢

𝑥 cos 𝑥
 

= ∫
𝑥 cos 𝑥

𝑢
 

d𝑢

𝑥 cos 𝑥
 

= ∫
1

𝑢
 d𝑢 

= ln(𝑥 sin 𝑥 + cos 𝑥) 

𝑊 = 𝑘𝑒ln(𝑥 sin 𝑥+cos 𝑥) 

𝑾 = 𝒌𝒙 𝐬𝐢𝐧 𝒙 + 𝒌 𝐜𝐨𝐬 𝒙 

 

(2) 

Substituting 𝑦1(𝑥) = 𝑥: 

𝑦 = 𝑥 

𝑦′ = 1 

𝑦′′ = 0 

0 −
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
(1) +

cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
(𝑥)  =  0 

0 −
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
+

𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
 =  0 → 𝟎 = 𝟎 

QED 

Assuming that there a function 𝑢(𝑥) such that 𝑦2(𝑥) = 𝑦1(𝑥)𝑢(𝑥) is a second solution to the 

ODE: 

𝑦2(𝑥) = 𝑥𝑢(𝑥) 



Substituting into ODE: 

𝑦2 = 𝑥𝑢 

𝑦2
′ = 𝑢 + 𝑥𝑢′ 

𝑦2
′′ = 𝑢′ + 𝑢′ + 𝑥𝑢′′ = 2𝑢′ + 𝑥𝑢′′ 

(2𝑢′ + 𝑥𝑢′′) −
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
(𝑢 + 𝑥𝑢′) +

cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
(𝑥𝑢)  =  0 

𝑥𝑢′′ − 𝑥𝑢′ (
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
−

2

𝑥
) + 𝑢 (

𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
−

𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
)  =  0 

𝑥𝑢′′ − 𝑥𝑢′ (
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
−

2

𝑥
) = 0 

𝑣 = 𝑢′ 

𝑥𝑣′ − 𝑥𝑣 (
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
−

2

𝑥
) = 0 

𝑣′ − 𝑣 (
𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
−

2

𝑥
) = 0 

∫
𝑣′

𝑣
 d𝑥 = ∫

𝑥 cos 𝑥

𝑥 sin 𝑥 + cos 𝑥
−

2

𝑥
 d𝑥  

ln 𝑣 = ln(𝑥 sin 𝑥 + cos 𝑥) − 2 ln 𝑥 

ln 𝑣 = ln
𝑥 sin 𝑥 + cos 𝑥

𝑥2
 

𝑣 =
𝑥 sin 𝑥 + cos 𝑥

𝑥2
 

𝑢 = ∫
𝑥 sin 𝑥 + cos 𝑥

𝑥2
 d𝑥 

𝑢 = ∫
sin 𝑥

𝑥
+

cos 𝑥

𝑥2
 d𝑥 

𝑢 = ∫
sin 𝑥

𝑥
d𝑥 + ∫

1

𝑥2
⋅ cos 𝑥 d𝑥 

𝑓 = cos 𝑥 

𝑓′ = − sin 𝑥 

𝑔′ =
1

𝑥2
 

𝑔 = −
1

𝑥
 

𝑢 = ∫
sin 𝑥

𝑥
d𝑥 + 𝑓𝑔 − ∫ 𝑓′𝑔 d𝑥 

𝑢 = ∫
sin 𝑥

𝑥
d𝑥 + (−

1

𝑥
⋅ cos 𝑥) − ∫(− sin 𝑥) ⋅ (−

1

𝑥
)  d𝑥 

𝑢 = ∫
sin 𝑥

𝑥
d𝑥 − ∫

sin 𝑥

𝑥
d𝑥 −

cos 𝑥

𝑥
  



𝑢 = −
cos 𝑥

𝑥
 

𝑦2 = 𝑥𝑢 

𝑦2 = 𝑥 (−
cos 𝑥

𝑥
) 

𝒚𝟐 = − 𝐜𝐨𝐬 𝒙 

 

(3) 

The general solution is: 

𝑦(𝑥) = 𝑐1𝑥 + 𝑐2 cos 𝑥 

Using the conditions 𝑦(0) = 1 and 𝑦′(0) = 1: 

𝑦(0) = 𝑐1(0) + 𝑐2 cos 0 = 1 

𝑐2 = 1 

𝑦′(𝑥) = 𝑐1 − 𝑐2 sin 𝑥 

𝑦′(0) = 𝑐1 − 𝑐2 sin 0 = 1 

𝑐1 = 1 

𝒚(𝒙) = 𝒙 + 𝐜𝐨𝐬 𝒙 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3. 

(1) 

𝑦′′ + 𝑦 =
1

cos3 𝑡
 

The complementary solution 𝒚𝒄(𝒕): 

Solving the homogenous ODE: 

𝑦′′ + 𝑦 = 0 

Writing the characteristic equation: 

𝑟2 + 1 = 0 

𝑟 = 0 ± 𝑖 

Then the complementary solution is: 

𝑦𝑐(𝑡) = 𝑐1𝑒−0𝑡 cos 𝑡 + 𝑐2𝑒−0𝑡 sin 𝑡 

𝑦𝑐(𝑡) = 𝑐1 cos 𝑡 + 𝑐2 sin 𝑡 

The particular solution 𝒚𝒑(𝒕): 

Using the method of variation of parameters: 

Let’s assume that the particular solution is of the form: 

𝑦𝑝(𝑡) = 𝑢1(𝑡) cos 𝑡 + 𝑢2(𝑡) sin 𝑡 

where 𝑢1(𝑡) and 𝑢2(𝑡) are to be found. 

𝑓(𝑡) = sec3 𝑡 

𝑊 = |
cos 𝑡 sin 𝑡

− sin 𝑡 cos 𝑡
| = cos2 𝑡 − (−sin2 𝑡) = 1 

𝑢1(𝑡) = − ∫
𝑓(𝑡)𝑦2(𝑡)

𝑊(𝑡)
 d𝑡 

𝑢1(𝑡) = − ∫
sec3 𝑡 ⋅ sin 𝑡

1
 d𝑡 

𝑢1(𝑡) = − ∫
sec3 𝑡 ⋅ (tan 𝑡 ⋅ cos 𝑡)

1
 d𝑡 

𝑢1(𝑡) = − ∫ sec2 𝑡 ⋅ tan 𝑡  d𝑡 

𝑣 = tan 𝑡 

d𝑣

d𝑡
= sec2 𝑡 

d𝑡 =
d𝑣

sec2 𝑡
 

𝑢1(𝑡) = − ∫ 𝑣 d𝑣 

𝑢1(𝑡) = −
1

2
𝑣2 = −

1

2
tan2 𝑡 



𝑢1(𝑡) = tan 𝑡 

𝑢2(𝑡) = ∫
𝑓(𝑡)𝑦1(𝑡)

𝑊(𝑡)
 d𝑡 

𝑢2(𝑡) = ∫
sec3 𝑡 ⋅ cos 𝑡

1
 d𝑡 

𝑢2(𝑡) = ∫ sec2 𝑡  d𝑡 

𝑢2(𝑡) = tan 𝑡 

𝑦𝑝(𝑡) = tan 𝑡 sin 𝑡 −
1

2
tan2 𝑡 cos 𝑡 

𝑦𝑝(𝑡) =
1

2
tan 𝑡 (2 sin 𝑡 − tan 𝑡 cos 𝑡) 

𝑦𝑝(𝑡) =
1

2
tan 𝑡 (2 sin 𝑡 − sin 𝑡) 

𝑦𝑝(𝑡) =
1

2
tan 𝑡 sin 𝑡 

𝑦(𝑡) = 𝑦𝑐(𝑡) + 𝑦𝑝(𝑡) 

𝑦(𝑡) = 𝑐1 cos 𝑡 + 𝑐2 sin 𝑡 +
1

2
tan 𝑡 sin 𝑡 

𝒚(𝒕) = 𝒄𝟏 𝐜𝐨𝐬 𝒕 + (𝒄𝟐 +
𝟏

𝟐
𝐭𝐚𝐧 𝒕) 𝐬𝐢𝐧 𝒕 

 

(2) 

Using the conditions 𝑦(0) = 0 and 𝑦′(0) = 0: 

𝑦(0) = 𝑐1 cos 0 + (𝑐2 +
1

2
tan 0) sin 0 = 0 

𝑐1 = 0 

𝑦′(𝑡) = −𝑐1 sin 𝑡 + (
1

2
sec2 𝑡) sin 𝑡 + (𝑐2 +

1

2
tan 𝑡) cos 𝑡 

𝑦′(0) = −𝑐1 sin 0 + (
1

2
sec2 0) sin 0 + (𝑐2 +

1

2
tan 0) cos 0 = 0 

𝑐2 = 0 

𝑦(𝑡) = 0 cos 𝑡 + (0 +
1

2
tan 𝑡) sin 𝑡 

𝒚(𝒕) =
𝟏

𝟐
𝐭𝐚𝐧 𝒕 𝐬𝐢𝐧 𝒕 

 


